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Abstract
In this thesis, three mechanical models arising from nanoscale and biological systems
are investigated, namely the dynamics of various nanostructures, the axial buckling
of carbon nanotubes and nanopeapods, and the worm-like chain model for stretched
semi-flexible molecules and the utilization of such a model for investigating molecular
stretching in the connective tissue extracellular matrix.
In nanomechanics, we investigate the motion of both a carbon atom inside a
carbon nanotube and a C60 fullerene inside a carbon nanotube. We assume a con-
tinuous model for which the atoms are assumed to be smeared across the surface of
the molecule, so that the pairwise molecular energy can be approximated by per-
forming surface integrals. The spiral path of the atom is found to be stable, but
the spiral path of the C60 fullerene is shown to only exist for a few pico seconds.
Next, we investigate the motion of a nano tippe top spinning on the interior of a
single-walled carbon nanotube in the presence of a variable magnetic field. Unlike
the classical tippe top, the nanoscale tippe top does not flip over since the grav-
itational effect is insignificant at the nanoscale. After the precession, if we apply
an opposite retarding magnetic force at the contact point, then the molecule will
return to its original standing up position. We next investigate some nanoscale or-
biting systems, and in particular, we study an atom and a C60 fullerene orbiting
around a single infinitely long carbon nanotube and a C60 fullerene orbiting around
a C1500 fullerene. We find that the circular orbiting frequencies of the proposed nano




For the axial buckling of carbon nanotubes and nanopeapods, we investigate the
buckling behavior of doubly clamped multi-walled carbon nanotubes and nanopeap-
ods as nano-electromechanical systems. We incorporate the bending curvature of the
tube into the elastic energy and determine the nanotube’s maximum displacement
for all bending regimes. We find that while the approximate solution (without cur-
vature) underestimates the maximum displacement of the buckled carbon nanotube
in the weak bending regime, our numerical solution provides an entirely different
prediction in comparison to the approximate solution in the strong bending regime.
Furthermore, we derive an instability condition for multi-walled carbon nanotubes
and nanopeapods under an axial load by taking into account the van der Waals
forces between molecules. We observe that the critical force derived from the axial
buckling stability criterion decreases as a result of the molecular interactions be-
tween adjacent layers of the nanotubes and the molecular interactions between the
embedded fullerenes and the inner carbon nanotube.
The worm-like chain model arises as a model for stretched semi-flexible molecules
and for its applications to molecular stretching in the extracellular matrix, we adopt
a variational principle to examine the model and then we utilize the model to de-
scribe anionic glycosaminoglycan between collagens. The worm-like chain model has
been proposed assuming that each monomer resists the bending force. We deter-
mine a force-extension formula for the worm-like chain model analytically, and find
that our formula suggests new terms such as the free energy and the cut-off force
for a molecule. In addition, we predict two possible phase changes for a stretched
molecule, and show theoretically that a molecule must undergo two phase changes
when they are stretched beyond their total contour lengths. Furthermore, we adopt
the worm-like chain model to describe the mechanical properties of a collagen pair
in the connective tissue extracellular matrix. We find that the growth of fibrils is
intimately related to the maximum length of the anionic glycosaminoglycan and the
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to right respectively. Atom escapes from its initial position to infinity
very quickly for all these initial positions. . . . . . . . . . . . . . . . . 55
2.25 Orbiting path described by Eq. (2.56). . . . . . . . . . . . . . . . . . 56
2.26 Fullerene orbiting around a carbon nanotube. . . . . . . . . . . . . . 59
2.27 Molecular potential energy (2.64) and its approximation (2.65) for
fullerene–carbon nanotube system. . . . . . . . . . . . . . . . . . . . 60
2.28 Fullerene’s angular energy, ensemble molecular energy and effective
potential energy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
2.29 Geometry of a C60 molecule orbiting around a C1500 fullerene. . . . . 63
2.30 Molecular potential energy, angular kinetic energy and effective po-
tential energy for C60–C1500 system. . . . . . . . . . . . . . . . . . . . 64
3.1 Schematic of experimental setup. . . . . . . . . . . . . . . . . . . . . 72
3.2 Numerical results for buckled nanotube in weak bending regime, where
the upper line represents the numerical solution with the incorpora-
tion of curvature into the elastic energy of the buckled nanotube, the
middle line represents Eq. (6.50) and the lower line represents the
approximate solution without curvature. . . . . . . . . . . . . . . . . 83
3.3 Stress for buckled nanotube in the corresponding weak bending regime
shown in Fig. 3.2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
3.4 Numerical results for buckled nanotube in strong bending regime,
where the flatter curve represents the approximate solution while the
other curve represents the numerical solution. . . . . . . . . . . . . . 84
ix
Y. Chan
3.5 Stress for buckled nanotube in the corresponding strong bending
regime shown in Fig. 3.4 and Fig. 3.7. . . . . . . . . . . . . . . . . . . 85
3.6 Numerical results for buckled nanotube in both weak and strong
bending regimes, where the crossing between both bending regimes
occurs around n = 100. . . . . . . . . . . . . . . . . . . . . . . . . . . 85
3.7 Numerical results for buckled nanotube in both weak and strong
bending regimes with the maximum n = 10000. . . . . . . . . . . . . 86
3.8 Experimental setup for doubly clamped suspended nanopeapods. . . . 88
3.9 Nanopeapods. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
3.10 An atom on a carbon nanotube interacting with a C60 fullerene. . . . 95
3.11 Radial force for an atom on a carbon nanotube interacting with a C60
fullerene. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96
3.12 Applied force T for different k and τ for (10,10). . . . . . . . . . . . . 97
3.13 Applied force T for different k and τ for C60@(10,10). . . . . . . . . . 98
3.14 Applied force T for different k and τ for (10,10)@(16,16). . . . . . . . 98
3.15 Applied force T for different k and τ for C60@(10,10)@(16,16). . . . . 99
3.16 Applied force T for k=1 for all proposed systems. . . . . . . . . . . . 101
3.17 Maximum displacement ymax as a function of applied force Text for
the approximate case. . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
3.18 Displacements of (10,10) and C60@(10,10) for Text = 1×10−10 N with
the corporation of curvature. . . . . . . . . . . . . . . . . . . . . . . . 106
3.19 Variation of ymax with applied force Text from 1× 10−10 to 5× 10−10 N.106
3.20 Variation of ymax with applied force Text from 1 × 10−10 to 1 × 10−8 N.107
3.21 Difference between maximum displacements as a function of the ap-
plied force Text. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
4.1 Worm-Like Chain model. An external force is applied to the molecule
in the z-direction. The position vector of each monomer is parametrized
by s with tangential vector t(s). . . . . . . . . . . . . . . . . . . . . . 117
x
List of Figures
4.2 Schematic of super-helix, soliton and twisted vertical lines are shown
from left to right. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123
4.3 The fitting of the new force-extension formula with the experimental
data. The applied force ranges from 0 nN to 0.7 nN and the extension
has been normalized by its total contour length L, which is equal to
75.85 nm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
4.4 The fitting of the new force-extension formula with the experimental
data. The applied force ranges from 0 nN to 8 nN. . . . . . . . . . . 127
4.5 A force-extension curve of the WLC model with b = 1.87, 1.89, ......, 1.99
with an increment of 0.02, which correspond to the curves from bot-
tom to top respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . 128
4.6 Error analysis of the new force-extension formula subject to thermal
fluctuations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129
4.7 Collagen pair before stretching, where L1 and L2 denote the colla-
gens 1 and 2 respectively, v1 . . . vN and u1 . . . uN denote the position
coordinates of oligomers in L1 and L2 respectively, lc and lg are the
natural lengths of the collagens and GAGs respectively and N is the
total number of oligomers that could exist in each collagen. . . . . . . 131
4.8 Collagen pair after stretching, by an applied force F assumed to be
acting on L1 causing an induced force F
′ in L2, while s denotes the
offset length between L1 and L2, ∆1 and δ1 denote the length of the
first oligomer in L1 and L2 respectively and so on. . . . . . . . . . . . 132
4.9 Potential energy of GAG, Vg, versus extension, δ ranging from 0 to 100
nm, for Nmax1 = 1 K, Nmax2 = 10 K and Nmax3 = 0.1 M respectively. 139
4.10 Potential energy of the collagen pair, Emax, versus extension, δ rang-
ing from 0 to 100 nm, forNmax1 = 1 K,Nmax2 = 10 K andNmax3 = 0.1
M respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139
4.11 The breaking fraction of the collagen pair. . . . . . . . . . . . . . . . 140
6.1 Nutation angle θ for classical macro scale tippe top. . . . . . . . . . . 149
xi
Y. Chan
6.2 Asymptotic expansion for ω. . . . . . . . . . . . . . . . . . . . . . . . 151
6.3 Asymptotic expansion for Ω. . . . . . . . . . . . . . . . . . . . . . . . 152
6.4 Asymptotic expansion for ux (6.19)1 in comparison with numerical
result. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154
6.5 Asymptotic expansion for uy (6.19)2 in comparison with numerical
result. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154
6.6 Nutation angle θ for nano top when Hx = 0 and Hy = HH(t0 − t)
where t0 = 0.8 × 10−5 s. . . . . . . . . . . . . . . . . . . . . . . . . . 155
6.7 Angular frequency ω for nano top when Hx = 0 and Hy = HH(t0− t)
where t0 = 0.8 × 10−5 s. . . . . . . . . . . . . . . . . . . . . . . . . . 156
6.8 Nutation angle θ for nano top when Hx = 0 and Hy = HH(t0 − t)
where t0 = 10
−6 s. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
6.9 Angular frequency ω for nano top when Hx = 0 and Hy = HH(t0− t)
where t0 = 10
−6 s. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157
6.10 A geometric picture of the real charge and its image charge. . . . . . 161
6.11 Method of images. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162
6.12 Schematic of tube layers. . . . . . . . . . . . . . . . . . . . . . . . . . 166
xii
List of Tables
2.1 Numerical values of constants utilized in Section 2.1 and Section 2.3. 15
3.1 Numerical values of constants utilized in Section 3.2. . . . . . . . . . 95
3.2 Comparison between our continuum model and MD results. . . . . . 100
xiii
